Algorithm for Switching-Time Optimization in Hybrid Dynamical
Systems
H. Axelsson, M. Egerstedt? , Y. Wardi† , and G. Vachtsevanos
{henrik,magnus,ywardi,gjv}@ece.gatech.edu
School of Electrical and Computer Engineering
Georgia Institute of Technology
Atlanta, GA 30332, USA

Abstract— We consider the problem of minimizing a cost
functional defined on the state trajectory of a switchedmode dynamical system with respect to the switching times.
Following the derivation, in recent years, of various results
concerning the gradient of the cost functional, we present a
suitable algorithm, based on gradient projection, for computing local minima. Utilizing the problem’s special structure, we
prove a convenient formula for the direction of descent, and
apply the Armijo procedure for computing the step size. A
potential extension to the optimal mode-insertion problem is
discussed, and numerical examples are provided.

Such systems arise in a variety of applications, including
situations where a control module has to switch its attention
among a number of subsystems [13], [18], [22], or collect
data sequentially from a number of sensory sources [5], [7],
[12]. One of the problems of interest is how to determine
the switching schedule in order to optimize a cost criterion
of the form
Z T
J =
L(x)dt,
(3)
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for a given cost function L : Rn → R. The term “schedule”
used above means two kinds of parameters: the sequencing
of the modal functions fi in the right-hand side of (2), and
the switching times τi for a given sequence of functions.
The problem of determining the optimal switching is known
to be NP hard like many scheduling problems. In contrast,
the problem of determining the optimal switching times
for a given sequence of modal functions can be viewed
as an optimal control problem and be solved numerically
by nonlinear programming algorithms.
Recently there has been a mounting interest in the optimal
control problem in the broader, non-autonomous setting,
where the control variable consists of a proper switching
law as well as the input function u(t) (see [4], [6], [10],
[11], [14], [19], [20], [21], [23], [25]). Ref. [4] establishes a
framework for optimal control, and [19], [20], [21] present
suitable variants of the maximum principle to the setting
of hybrid systems. Moreover, Refs. [2], [3], [10], [17]
consider the case of piecewise-linear or affine systems. The
general nonlinear case of autonomous systems, where the
term u(t) is absent and the control variable consists solely
of the switching times, is considered in [8], [12], [24],
[25], [26]. In Ref. [8] we develop a simple formula for the
dJ
and subsequently propose a gradientpartial derivatives dτ
i
projection algorithm for computing optimal switching times.
This paper derives a simple formula for computing the
projection of the gradient onto the feasible set, which
provides the descent direction for the algorithm. We also
discussed in [8] a potential way of extending the algorithm
to the sequencing problem, and here we elaborate on it and
provide a numerical example of such an extension.

I. I NTRODUCTION
This paper concerns switched-mode systems whose dynamic response changes among various modes according to
a prescribed supervisory-control law. Let {x(t)}Tt=0 denote
the state trajectory of the system, and suppose that it evolves
according to the equation ẋ = f (x, t), where the dynamicresponse function f : Rn × [0, T ] → Rn is comprised
of a sequential assignment of functions fi : Rn → Rn ,
i = 1, 2, . . .,. Let us fix T > 0 and suppose that the dynamic
response changes N times in the interval [0, T ]. Denoting
the switching times by τi , i = 1, . . . , N , in increasing order,
and defining τ0 := 0 and τN +1 := T , we have that
0 = τ0 ≤ τ1 ≤ . . . , ≤ τN ≤ τN +1 = T.

(1)

Furthermore, suppose that f (x, t) = fi (x) for every t ∈
[τi−1 , τi ) and for every i = 1, . . . , N + 1. We then have
the following differential equation defining the system’s
dynamics,
ẋ(t) = fi (x(t)),

t ∈ [τi−1 , τi ),

i ∈ {1, . . . , N + 1}.
(2)
We assume throughout that the initial condition x(0) is
given and fixed. A more general setting includes an exogenous input u(t) in the right-hand side of (2), but in this
paper we concern only the autonomous case where such an
input is absent.
? Research partly supported by the National Science Foundation under
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The rest of the paper is organized as follows. Section II
concerns the above optimal control problem, and Section
III presents a numerical example. Section IV concludes the
paper.
II. G RADIENT-P ROJECTION A LGORITHM FOR THE
O PTIMAL C ONTROL P ROBLEM
Consider the systems defined by Eq. (2) and the cost
functional defined in (3). We denote by σ the sequence
{f1 , . . . , fN +1 }, and call it the modal sequence. For the
rest of the discussion in this section, the modal sequence
{f1 , . . . , fN +1 } is assumed to be given and fixed. Now
the functional J can be viewed as a function of the
switching times, τ1 ≤ τ2 ≤ . . . , ≤ τN , via Es. (2) and
(3). Collectively, these switching times constitute a vector
in RN , henceforth denoted by τ̄ := (τ1 , . . . , τN )T , and the
dependence of J upon it is indicated in the notation J(τ̄ ).
The optimal control problem that we consider, denoted by
Pσ , is defined as follows.
• Pσ : Minimize J(τ̄ ) subject to the constraints in Eq.
(1).
The following assumption will be made.
Assumption 2.1. (i). The functions fi and L are
twice continuously differentiable on Rn .
(ii) There exists a constant K0 > 0 such that, for every
x ∈ Rn , and for all i ∈ {1, . . . , N + 1},
||fi (x)|| ≤ K0 (||x|| + 1).

(4)

dJ
Ref. [8] derived a formula for the derivatives dτ
, i =
i
1, . . . , N (and hence the gradient ∇J(τ̄ )) and proposed a
gradient-descent algorithm. These results are next surveyed.
Define the costate p(t) ∈ Rn by the following differential
equation,
¡ ∂fi+1
¢T
¡ ∂L ¢T
ṗ = −
(x) p −
(x) ,
∂x
∂x
t ∈ (τi , τi+1 ],
i = N, N − 1, . . . , 0,
(5)

with the boundary condition P (T ) = 0. Then (see [8],
Proposition 2.2),
¡
¢
dJ
= p(τi )T fi (x(τi )) − fi+1 (x(τi )) .
(6)
dτi
Next, let us denote the feasible set defined by Eq. (1) by
Φ, namely,
Φ := {τ̄ ∈ RN : 0 ≤ τ1 ≤ . . . , ≤ τN ≤ T }.

(7)

Based on Assumption 2.1, Ref. [8] proved that the function
J(τ̄ ) is continuously differentiable on Φ, and hence the
Lagrange multiplier rule provides a necessary optimality
condition. We henceforth dub this condition the standard
local optimality condition for Pσ . In order to solve the
problem Pσ to the extent of computing a point satisfying
the above optimality condition, Ref. [8] proposed to use a
gradient-projection algorithm with Armijo step sizes. This
algorithm is next described. Given a point τ̄ ∈ Φ, let

Ψ(τ̄ ) denote the set of feasible directions from the point
τ̄ , namely,
Ψ(τ̄ ) := {h̄ ∈ RN | for some ζ̃ > 0,
and for all ζ ∈ [0, ζ̃), τ̄ + ζ h̄ ∈ Φ}.

(8)

Then the algorithm uses as the direction of descent, denoted
by h̄(τ̄ ), the projection of the vector −∇J(τ̄ ) onto the set
Ψ(τ̄ ). The step size, denoted by ζ, is computed according
to the Armijo procedure defined as follows (see [1]). Given
constants α ∈ (0, 1), β ∈ (0, 1), and an integer k0 , define
ζ by
ζ = argmax{z = β k ; k ≥ k0 | τ̄ + z h̄(τ̄ ) ∈ Φ,
and J(τ̄ + z h̄(τ̄ )) − J(τ̄ ) ≤ αz < h̄(τ̄ ), ∇J(τ̄ ) >}. (9)
Putting it all together, we have the following algorithm.
Algorithm 2.1. Gradient-Projection Algorithm with
Armijo Step Sizes.
Given: Constants α ∈ (0, 1), β ∈ (0, 1), and an integer k0 .
Initialize: Choose an initial point τ̄0 ∈ Φ. Set i = 0.
Step 1: Compute the feasible descent direction h̄(τ̄i ), the
projection of −∇J(τ̄i ) onto the set Ψ(τ̄i ).
Step 2. Compute the Armijo step size ζi by (9).
Step 3: Set τ̄i+1 := τ̄i + ζi h̄(τ̄i ), set i = i + 1, and go to
Step 1.
This algorithm is known to solve problems like Pσ
(see [16]) in the sense that, any accumulation point of a
sequence {τ̄i }∞
i=1 that it computes, satisfies the standard
local optimality condition for Pσ . In order to deploy this
algorithm we need an expression for the projected gradient,
h̄(τ̄ ). Such an expression is next derived.
Fix τ̄ := (τ1 , . . . , τN )T ∈ Φ. Then (see (7)) 0 ≤ τ1 ≤
. . . , ≤ τN ≤ T . Let us define a block to be a contiguous
integer-set {k, . . . , n} ⊂ {1, . . . , N } such that τn = τk
(and hence τi = τk for all i ∈ {k, . . . , n}). Observe
that every set of contiguous integers that is a subset of a
block is also a block. Furthermore, we say that a block is
maximal if no superset thereof is a block. Obviously, the
set {1, . . . , N } is partitioned into disjoint maximal blocks
in a way that depends on τ̄ . Moreover, for each maximal
block {k, . . . , n}, τk−1 < τk unless k = 1 and τ1 = 0, and
τn < τn+1 unless n = N and τN = T .
We next describe an algorithm for computing a certain
vector denoted by h̄ := (h1 , . . . , hN )T , and then we will
show that h̄ = h̄(τ̄ ). The coordinates hi will be computed
according to the various maximal blocks associated with the
given point τ̄ . Let us fix such a maximal block, denoted
by {k, . . . , n}. For every ` ∈ {k, . . . , n}, and for every
i ∈ {`, . . . , n}, we define r`,i by
i

r`,i =

X dJ(τ̄ )
1
.
i−`+1
dτj

(10)

j=`

Algorithm 2.2. Procedure for computing hi , i = k, . . . , n.
Step 0. Set ` = k.

Step 1. Compute rmax defined by
rmax := max{r`,i | i = `, . . . , n}.

(11)

Set m := max{i = `, . . . , n : r`,i = rmax }.
Step 2. For all i ∈ {`, . . . , m}, define hi (τ̄ ) by hi (τ̄ ) =
−rmax unless either (i) τm = 0 and rmax > 0, or (ii) τm =
T and rmax < 0. In either case (i) or (ii), set hi (τ̄ ) = 0.
Step 3. If m = n, exit. If m < n, set ` := m + 1 and go to
Step 1.
Proposition 2.1. The vector h̄ computed by Algorithm 2.2
for every maximal block is indeed the vector h̄(τ̄ ), namely
the projection of −∇J(τ̄ ) onto the feasible set Ψ(τ̄ ).
Proof. Let us denote by `q the value of ` when Algorithm
2.2 enters its Step 1 in the q th time, q = 1, 2, . . .,. Likewise,
let mq denote the value of m computed in Step 1 at the
q th iteration. Thus, `1 = k, m1 is computed by Step 1
in the first iteration, `2 = m1 + 1 unless m1 = n, etc.
Correspondingly, we denote by rmax,q the value of rmax
computed via (11) in the q th iteration of the algorithm.
Let h̄ = (h1 , . . . , hN )T be the vector computed by
Algorithm 2.2 as applied to every maximal block. We first
ascertain that h̄ ∈ Ψ(τ̄ ). Observe that h̄ ∈ Ψ(τ̄ ) if and
only if, for every maximal block such as {k, . . . , n}, the
following three equations are in force.
hk ≥ 0 if τk = 0.

(12)

hi ≤ hi+1 for all i ∈ {k, . . . , n − 1}.

(13)

hn ≤ 0 if τn = T.

(14)

We next prove that these three conditions are indeed in
force.
Suppose first that 0 < τk and τn < T ; the cases where
τk = 0 or τk = T will be considered later. Then, only Eq.
(13) has to be ascertained. For all q = 1, 2, . . ., and for all
i ∈ {`q , . . . , mq }, hi = −r`q ,mq by Step 1. Therefore, (13)
will be established once we show that
r`q ,mq > r`q+1 ,mq+1 .

(15)

This is what we next do. By Step 1, r`q ,mq > r`q ,mq+1 .
This means, by (10), that
mq
mq+1
X
X dJ(τ̄ )
1
1
dJ(τ̄ )
>
.
mq − `q + 1
dτj
mq+1 − `q + 1
dτj
j=`q
j=`q
(16)
Consequently, and after some algebra, we obtain that
mq
X
1
1
dJ(τ̄ )
dJ(τ̄ )
<
.
mq+1 − mq j=m +1 dτj
mq − `q + 1
dτj
j=`q
q
(17)
Applying the fact that `q+1 = mq + 1 (by definition) to the
left-hand side of (17), Eq. (15) follows by (10).
Next, consider the case where τmq = 0. By Step 2, we
see that, for all i ∈ {`q , . . . , mq }, hi = max{−rmq , 0},
and this ascertains that both Eqs. (12) and (13) are in force.

Finally, it follows in a similar way that, if τn = T , then Eqs.
(13) and (14) hold true. This establishes that h̄ ∈ Ψ(τ̄ ).
We next prove that h̄ indeed is the projection of −∇J(τ̄ )
onto Ψ(τ̄ ). To be the projection, h̄ has to solve the following
quadratic program, denoted by Q.
1
Q : min{ ||h̃ + ∇J(τ̄ )||2
2

: h̃ ∈ Ψ(τ̄ )}.

(18)

Associated with the vector h̄, let us define the vector
h̄k,n ∈ Rn−k+1 by h̄k,n = (hk , . . . , hn )T . Similarly, we
define the vector ∇k,n J(τ̄ ) ∈ Rn−k+1 by ∇k,n J(τ̄ ) =
)
dJ(τ̄ ) T
( dJ(τ̄
dτk , . . . , dτn ) . Now the condition h̄ ∈ Ψ(τ̄ ) is
equivalent to the condition that, for every maximal block
like {k, . . . , n}, Eqs. (12)-(14) are in force. Therefore, h̄
solves the quadratic program Q if and only if, for every
maximal block like {k, . . . , n}, h̄k,n solves the following
quadratic program, denoted by Qk,n .
1
min{ ||h̃k,n + ∇k,n J(τ̄ )||2
2
: Eqs. (12) − (14) are satisfied}.

Qk,n :

(19)

This is a quadratic program that has a unique solution
point, which is also the only point satisfying the Lagrange
multiplier rule for Qk,n . We now show that this point is
h̄k,n .
We observe that for every q = 1, 2, . . ., and for every
i ∈ {`q , . . . , mq −1}, hi −hi+1 = 0, i.e., the constraint hi −
hi+1 ≤ 0 is active. Moreover, by Step 2 and (15), hmq <
hmq +1 , and hence the constraint hmq − hmq +1 ≤ 0 is not
active. Therefore, to satisfy the Lagrange multiplier rule for
Qk,n , there must exist a multiplier λi ≥ 0 associated with
the inequality constraint hi − hi+1 ≤ 0, i = `q , . . . , mq − 1;
in the case where q = 1 and hence `q = k, if τk = 0
and hk = 0 then there exists a multiplier µ ≥ 0 associated
with the inequality −hk ≤ 0; and in the case where mq =
n, if τn = T and hn = 0 then there exists a multiplier
ν ≥ 0 associated with the constraint hn ≤ 0. The latter
two situations cannot arise simultaneously since τk = τn
(by dint of the fact that the set {k, . . . , n} constitutes a
maximal block), therefore we can assume, without loss of
generality, that τ1 > 0 and consider only the possible case
where τn = T .
Consider first the case where either τn < T or hn < 0.
Then, the above Lagrange multiplier rule means that the
following three equations are in force,
h`q +

mq+1

X

hi +

dJ(τ̄ )
+ λ`q = 0,
dτ`q

dJ(τ̄ )
+λi −λi−1 = 0
dτi
hm q

(20)

for all i = `q +1, . . . , mq −1,

dJ(τ̄ )
+
− λmq −1 = 0.
dτmq

(21)
(22)

For every j ∈ {`q + 1, . . . , mq − 1}, summing up (20) with
(21) for all i = `q + 1, . . . , j, we obtain,

j
X
i=`q

j
X
dJ(τ̄ )
hi +
+ λj = 0.
dτi

(23)

i=`q

Likewise, summing up over all i ∈ {`q + 1, . . . , mq − 1}
and adding (20) and (22), we get that
mq
X

hi +

i=`q

mq
X
dJ(τ̄ )
= 0.
dτi

(24)

i=`q

In fact, it is readily seen that the condition defined by Eqs.
(20)-(22) is equivalent to the condition defined by (20), (23)
for all j ∈ {`q + 1, . . . , mq − 1}, and (24). Since λi ≥ 0,
the latter condition amounts to the condition defined by the
following two equations.
j
X
i=`q

hi +

j
X
dJ(τ̄ )
≤ 0,
dτi

j = `q , . . . , mq − 1; (25)

either tank at a rate that is proportional to the square-root
of the fluid level at the tank. Let x1 and x2 denote the fluid
levels at the upper tank and the lower tank, respectively.
Then, there exist constants α1 > 0 and α2 > 0 such that, the
√
flow rate between the two tanks is α1 x1 , and the flow rate
√
out of the lower tank is α2 x2 . Suppose that the control
parameter is the inflow rate to the upper tank, denoted by
u. Then, the state x(t), defined by x(t) = (x1 (t), x2 (t))T ,
evolves according to the following differential equation,
p
·
¸
−α1 (x1 ) +
p
pu
ẋ = f (x, u) =
.
(29)
α1 (x1 ) − α2 (x2 )
Suppose that the input valve can be in either one of three
states: closed, half-open, or fully open. Correspondingly,
the input flow rate u(t) can have one of the following three
values, 0, 0.5umax , and umax , for some given umax > 0.
Corresponding to the three values of u(t) we denote the

i=`q

mq
X
i=`q

mq
X
dJ(τ̄ )
= 0.
hj +
dτi

u

(26)

i=`q

By (10) and Step 2, (25) amounts to
−(j −`q +1)r`q ,mq −`q , mq +(j −`q +1)r`q ,j ≤ 0, (27)
x1

and (26) means that
−(mq − `q + 1)r`q ,mq + (mq − `q + 1)r`q ,mq = 0. (28)
(27) is satisfied by the maximality of mq (Eq. (11)), and (28)
is certainly true. This shows that h̄k,n satisfies the Lagrange
multiplier rule for Qk,n , and hence it is the solution point
for that quadratic program.
Finally, consider the case where mq = n, τn = T , and
hn = 0. Then we have the additional Lagrange multiplier
ν ≥ 0 associated with the active inequality constraint τn −
T ≤ 0. Consequently, the optimality condition amounts to
Eq. (25) for all i = `q , . . . , n − 1, but not (26); instead, we
have the condition hn = 0. By Step 2, the latter condition
means that hi = 0 for all i = `q , . . . , n, and, moreover, this
can occur if and only if r`q ,n ≤ 0. In this case it is readily
seen that Eq. (25) is in force, since hi = 0 and (by (10))
j
X
dJ(τ̄ )
≤ (j − `q + 1)r`q ,j ≤ (j − `q + 1)r`q ,n ≤ 0
dτi

i=`q

for all j = `q , . . . , n. This shows that h̄k,n indeed solves
the quadratic program Qk,n , which completes the proof.

x2

xr

Fig. 1.

The double tank process.

right-hand side of (29) by f 0 (x) when u = 0, by f 1 (x)
when u = 0.5umax , and by f 2 (x) when u = umax . Given
an initial state x(0) and a final time T > 0, the objective
of a switching-control strategy is to have the fluid level in
the lower tank track a given value, denoted by xr . Thus,
the performance functional that we minimize is
Z T
J =K
(x2 (t) − xr )2 dt,
(30)
0

III. E XAMPLE
Consider the problem of controlling the fluid level at a
tank by adjusting the input flow rate at an auxiliary tank,
as shown in figure 1. This problem was considered in [15],
and it serves to illustrate the utility of our algorithm. As can
be seen in the figure, fluid from the upper tank flows to the
lower tank through a valve, and fluid from the lower tank
flows out through another valve. Fluid is discharged from

for a suitable constant K > 0.
Given a modal sequence σ = {f1 , . . . , fN +1 }, the optimization problem Pσ amounts to computing the switchingtime vector τ̄ = (τ1 , . . . , τN )T that minimizes the cost
functional J. To this end we deploy the gradient-descent
algorithm with Armijo step sizes [1]. This algorithm guarantees that, asymptotically, the projected gradients of the
iterate sequence converge to 0 (see [16]), but practically

we stop its execution once the magnitude of the projected
gradient falls below a prescribed quantity, ² > 0.
At this point we modify the modal sequence by adding
new modal functions. To see how this is done, we recall the
following result from [8]. Let us fix τ̄ = (τ1 , . . . , τN )T ∈ Φ,
and let {x(t)} and {p(t)} be the associated state trajectory
and costate trajectory defined, respectively, by Eqs. (2) and
(5). Let g be a modal function satisfying Assumption 2.1.
Consider modifying the modal sequence by inserting the
modal function g at a time-point τ ∈ [τi , τi+1 ) for some
i ∈ {1, . . . , N }, for the duration of λ seconds, for λ > 0
(assume that τ + λ < T ). Let J(λ) denote the value of
the cost functional J as a function of λ. Then (see [8],
dJ
Proposition 4.1), the one-sided derivative dλ
+ (0) has the
following form,
¡
¢
dJ
(0) = p(τ )T g(x(τ )) − fi (x(τ )) .
(31)
+
dλ
Of course the above one-sided derivative is a function of
both τ ∈ [τi , τi+1 ) and the modal function g, and hence
;g)
dJ(τ ;g)
we denote it by dJ(τ
dλ+ (0). If
dλ+ (0) < 0 then such an
insertion for a “small enough” λ would result in a decrease
in the cost J.
Suppose that there is a prescribed rule allowing g to be
picked only from a given finite set of modal functions,
denoted by Gi , which may depend on fi . Let us define
mi by
mi = min{

dJ(τ ; g)
(0) : τ ∈ [τi , τi+1 ]; g ∈ Gi }, (32)
dλ+

the following parameters: K = 10.0, xr = 0.5,
T = 5.0, ² = 0.1, α1 = α2 = 1.0, umax = 1.0,
and x(0) = (0.8, 0.2)T . We started the algorithm by
having a single modal function, f1 , throughout the
interval [0, T ), and hence the algorithm goes directly
to Step 2. There, it inserts the function f2 at the time
t = 1.80, resulting in the modal sequence {f1 , f2 , f1 }
and the corresponding switching vector τ̄ = (1.80, 1.80)T .
Then the algorithm returns to Step 1, where it computes
the switching-times vector τ̄ = (1.26, 2.40)T for the
above modal sequence. Returning to Step 2, it computes
the modal sequence {f1 , f2 , f1 , f2 , f0 , f2 , f1 , f2 , f1 }
with
the
corresponding
switching-time
vector
τ̄
=
(0.01, 0.01, 1.26, 1.63, 1.63, 2.40, 3.58, 3.58)T .
Next, in Step 1, it computes its final vector
τ̄
=
(0, 0.40, 1.30, 1.49, 1.76, 2.46, 3.33, 3.84)T , at
which point it is terminated.
The results are illustrated in Figure 2, Figure 3, and Table
1. Figure 2 shows the state trajectory associated with the
final point, and it can be seen that, indeed, x2 tracks xr . It
took the algorithm 10 iterations of the gradient-projection
procedure (all computed in Step 1) to converge, where after
iteration 4 it adds three double switching times. The cost
function and the magnitude of the projected gradient are
plotted, as functions of the iteration counts, in Figure 2,
and Table 1 summarizes the results.
State trajectories
1

0.9

and pick τ i ∈ [τi , τi+1 } and g i ∈ Gi such that

0.8

dJ(τ i ; g i )
(0) = mi .
dλ+

(33)
0.7

i

If mi < 0 then we insert the modal function g at the point
τ i . In fact, τ i constitutes a double switching point for
this insertion, and the domain of the modal function g i is
the empty set [τ i , τ i ). However, as we next continue with
the gradient-descent algorithm, the projected gradient will
separate the two insertion points and enlarge the domain
of g i . All of this is formalized in the following algorithm.

0.6

0.5

0.4

0.3

0.2

Algorithm 3.1. At a given iteration, we have a modal
+1
sequence σ = {fi }N
i=1 ∈ [0, T ].
Step 1. Use Algorithm 2.1 to solve the optimization
problem Pσ to the extent of computing a parameter
τ̄ = (τ1 , . . . , τN )T such that ||h̄(τ̄ )|| ≤ ².
Step 2. For every i = 0, . . . , N , compute mi by (32). If
mi < 0, then compute τ i and g i by (33), and modify
the modal sequence σ in the interval [τi , τi+1 ] by adding
a double switching times at the point τ i , and the modal
function g i between them.
This algorithm goes back from Step 2 to Step 1 unless
mi ≥ 0 for all i = 0, . . . , N , in which case it is terminated.
We implemented the algorithm to solve the optimal
control problem with the cost function (30) and

0

0.5

1

1.5

2

2.5
t

3

3.5

4

4.5

5

Fig. 2. State trajectory at the final point (x1 (t) dotted, and x2 (t) solid).

IV. C ONCLUSIONS
This paper concerns an optimal control problem defined
on switched-mode dynamical systems, whose variational
parameter consists of the switching times. It first considers a
fixed sequence of modal functions, and it derives a formula
for the projected gradient of the cost functional. It then
considers a way to reduce the cost by inserting additional
modal functions to the schedule. A numerical example
illustrates the details of the algorithm and points out its

Gradient Descent Parameters
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Fig. 3. Cost (top) and the norm of the projected gradient (bottom) for
every iteration.

potential use in scheduling problems, where the modal
sequence constitutes part of the variable parameter.
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Table 1. Numerical results: (*) and (**) correspond to the values before Step 1 is entered. Initially the modal
sequence is {f1 }; up to Iteration 4 it is {f1 , f2 , f1 }; and in Iterations 5-10 it is {f1 , f2 , f1 , f2 , f0 , f2 , f1 , f2 , f1 }.
Iteration (k)
(*)
0
1
2
3
4
(**)
5
6
7
8
9
10

τ̄ (k)
(1.80, 1.80)
(1.45, 2.17)
(1.32, 2.30)
(1.28, 2.35)
(1.26, 2.40)
(0.01, 0.01, 1.26, 1.63, 1.63, 2.40, 3.58, 3.58)
(0, 0.01, 1.26, 1.63, 1.63, 2.40, 3.58, 3.59)
(0, 0.17, 1.29, 1.54, 1.71, 2.41, 3.49, 3.68)
(0, 0.19, 1.28, 1.56, 1.69, 2.42, 3.47, 3.69)
( 0, 0.29, 1.28, 1.54, 1.71, 2.44, 3.41, 3.76)
(0, 0.29, 1.28, 1.53, 1.72, 2.44, 3.40, 3.76)
(0, 0.40, 1.30, 1.49, 1.76, 2.46, 3.33, 3.84)

J(τ̄ (k))
1.21
1.21
0.50
0.41
0.40
0.40
0.40
0.39
0.32
0.30
0.27
0.27
0.25

||h(τ )||
1.10
0.73
0.28
0.11
0.05
1.10
0.48
0.73
0.27
0.32
0.16
0.08

