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Abstract— In multi-robot systems where a central decision
maker is specifying the movement of each individual robot, a
communication failure can severely impair the performance
of the system. This paper develops a motion strategy that
allows robots to safely handle critical communication failures
for such multi-robot architectures. For each robot, the proposed
algorithm computes a time horizon over which collisions with
other robots are guaranteed not to occur. These safe time
horizons are included in the commands being transmitted to
the individual robots. In the event of a communication failure,
the robots execute the last received velocity commands for
the corresponding safe time horizons leading to a provably
safe open-loop motion strategy. The resulting algorithm is
computationally effective and is agnostic to the task that the
robots are performing. The efficacy of the strategy is verified
in simulation as well as on a team of differential-drive mobile
robots.

I. I NTRODUCTION
Communication in multi-robot teams is not only essential
for sharing sensor measurements and performing diagnostics, it is often an integral part of the closed loop control
mechanism [1], [15]. In fact, in many applications and
scenarios such as extra-terrestrial exploration [18], high precision manufacturing [2], and multi-robot testbeds [12], the
robots frequently rely on communicating with a centralized
decision maker for their velocity or position commands. In
such situations, a failure in the communication network can
severely hinder the motion of the robots and performance
of the algorithm. This is the premise behind the work performed in this paper, whereby the adverse effects caused by
intermittently failing communication networks are mitigated.
The inevitability of occasional failures in wireless communication channels [13] raises the following question: What
should a robot do in case a communication failure prevents
it from receiving critical motion commands from a central
decision maker? Many different techniques have been explored to handle intermittent communications in multi-robot
teams (see for e.g., [4], [11], [16], [17]). In many cases,
the robots are assumed to have significant decision making
capabilities, have sensors to maneuver around obstacles, or
have knowledge about the positions of other robots. Furthermore, some developed communication recovery techniques
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do not provide formal collision-avoidance guarantees in case
of unforeseen communication failures.
An existing technique used to handle communication
failures, mentioned in [16], is to stop the robot when critical
data is not received. While this behavior preserves safety, it
could cause the robot to behave erratically. For example, if
only intermittent velocity commands are received, the robot
could move in a jerky “start-stop” fashion. This problem
was observed on the Robotarium: a remote-access multirobot testbed being developed at Georgia Tech [12]. During
experiments, it was observed that temporary failures in the
communication channels prevented robots from receiving velocity or position commands which caused them to abruptly
stop moving, leading to a disruption in the coordination
algorithm being executed.
Motivated by the need to alleviate such problems in
general, and resolve issues with the Robotarium in particular,
this paper proposes a strategy that allows differential-drive
robots without sensory or decision-making capabilities, to
continue moving safely for a specific amount of time even
when velocity commands from a central decision maker are
not received. For each robot, the central decision maker
computes a time horizon over which collisions with other
robots are guaranteed not to occur. This is called the safe time
horizon. During normal operations, the desired velocity and
the safe time horizon are transmitted to the robots periodically. If a robot stops receiving data due to a communication
failure, it executes the last received velocity command for
the duration of the last received safe time horizon. This
allows the robot to continue moving in an open-loop yet
provably collision-free manner despite having no updated
information about the environment. Beyond the safe time
horizon, it stops moving. By allowing the robots to move
safely even during a communication failure, the algorithm is
able to avoid jerky motions in robots during short-duration
communication failures.
In order to calculate the safe time horizon, we first
compute the set of all possible locations that can be reached
by a robot within a given time (i.e., the reachable set [3],
[14]). While reachability based techniques have been used to
obtain connectivity guarantees in multi-robot teams, e.g., [5],
in this paper, reachability analysis is used to ensure safety
while allowing the robots to move in an open-loop manner.
For each robot, we compute a time horizon for which it
lies outside the reachable sets of other robots. Owing to
the computational complexity of performing set-membership
tests on the non-convex reachable sets of differential-drive
robots, we over-approximate the reachable set by enclosing
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This section introduces the notion of a reachable set of a
robot, and derives an ellipsoidal approximation for it. Since
the Robotarium [12], in its current form, is populated with
differential-drive mobile robots, this paper investigates the
reachability of two-wheeled differential-drive robots with
non-holonomic dynamics.
For such systems, let z = (x, y) ∈ R2 denote the position
of the robot in the 2D plane, and let φ ∈ [−π, π] denote its
orientation with respect to the horizontal axis. As such, the
robot is described as a point (z, φ) in the configuration space
R2 × S 1 . The motion of the robots can be captured using the
unicycle dynamics model:

Fig. 1: The reachable set R(t) of a robot with dynamics
given in (1), is depicted for varying time horizons. The robot
is represented as a circle at the center.

Given any convex set K ⊂ Rn , there exists a unique
ellipsoid of minimum volume circumscribing it [8]. This
ellipsoid is denoted as ξ(K). One way to derive an ellipsoidal
approximation of the reachable set would be to compute
the minimum area ellipse ξ(conv(R(t))), where conv(R(t))
denotes the convex hull of R(t). Additionally, the derivation
of analytical expressions for the ellipse ξ(conv(R(t))), if at
all possible, will enable its efficient and fast computation in
the safe time horizon algorithm.
In order to allow for an analytical expression for the ellipse
[6], we introduce a new set K(t) enclosing conv(R(t)),
ẋ = v cos(φ), ẏ = v sin(φ), φ̇ = ω,
(1) which allows for an easier computation of ξ(K(t)). Essentially, this enables us to swap the problem of comput|v| ≤ 1, |ω| ≤ 1.
ing ξ(conv(R(t))) with the simpler problem of computing
The bounds on the linear velocity v and the angular velocity ξ(K(t)).
ω represent the physical limitations of the robots, and are
Furthermore, this approximation is justified by showing
normalized to 1 without loss of generality.
that the dissimilarity between conv(R(t)) and K(t), as
Since collisions are ultimately defined by positions
measured
(Forrather
the proof,
see by the Jaccard distance metric [7], asymptotically
than orientations, we consider the output of the system to goes to zero over time. For the sets X, Y ⊂ R2 , the Jaccard
be z. Relative to this output, the reachable set, [10].)
denoted as distance based on the area measure is given by,
R(t; z0 , φ0 ) is the set of all positions in the 2D plane that can
A(X ∩ Y )
be reached at time t by a robot starting in the configuration
dJ (X, Y ) = 1 −
,
A(X
∪Y)
(z0 , φ0 ) at t = 0. For z0 = (0, 0), φ0 = 0, denote the
reachable set as R(t). Since the dynamics in (1) is drift- where A(·) denotes the area of the set. The following
free, the structure of the reachable set does not depend on proposition formally introduces the set K(t).
z0 and φ0 , i.e.,
Proposition 1. Let K(t) be given by,
R(t; z0 , φ0 ) = z0 + Πφ0 R(t),
(
 
px
K(t)
=
p
=
∈ R2 : kpk2 ≤ t,
where Πφ0 is a rotation by φ0 . Therefore, the study of
py
reachable sets can be restricted to the case when z0 = (0, 0)
)

and φ0 = 0. Fig. 1 portrays the reachable set for a robot
1 − cos(t), if 0 < t ≤ π/2
|py | ≤
.
with dynamics given in (1).
t − π/2 + 1, if t > π/2
As discussed in the introduction, the complexity of performing set-membership tests with respect to the non-convex Then, conv(R(t)) ⊂ K(t) and
set R(t) increases the computational burden associated with
lim dJ (conv(R(t)), K(t)) = 0,
the safe time horizon algorithm. Consequently, we compute
t→∞
an ellipsoidal approximation of the reachable set, which is
where dJ is the Jaccard distance.
not only convex, but allows for easy set-membership tests
Proof. See [10], Proposition 1.
and finite representation.

The set K(t) not only allows us to derive analytical
expressions for the minimum area ellipse enclosing it, the
asymptotic reduction in the dissimilarity between K(t) and
conv(R(t)) implies that, the impact of using ξ(K(t)) instead
of ξ(conv(R(t))) on the accuracy of set-membership tests
in the safe time horizon algorithm, is minimal.
In Rn , an ellipsoid can be represented uniquely by its
center c and a positive-definite matrix H: E(c, H) = {x ∈
Rn : (x − c)T H(x − c) ≤ 1}. According to results
presented in [8], at any given time t, the minimum area
ellipse circumscribing K(t) can be obtained by solving the
following semi-infinite programming problem:
min − log det(H)
c,H

(2)

Given the structure of H(t) from Lemma 1, and the
number of contact points from Lemma 2, the semi-infinite
programming problem (2) will now be re-formulated as a
convex optimization problem.
Lemma 3. The matrix H(t) = diag(A(t), B(t)) can be
expressed as the solution of a convex optimization problem.
At any given time t > 0, A(t) is given as,
A(t) = argmin − log Xt − log
Xt

s.t. 0 < Xt ≤

1
.
t2

Furthermore,

s.t. (z − c)T H(z − c) ≤ 1, ∀z ∈ K(t).

B(t) =

The rest of this section formulates an analytical solution
to this semi-infinite programming problem.
In Lemma 1, we utilize the symmetry properties of K(t) to
determine the center and orientation of the ellipse ξ(K(t)).
Lemma 1. The ellipse ξ(K(t)) has the form E(c, H(t)),
where c = (0, 0) and H(t) = diag(A(t), B(t)) for some
A(t), B(t) ∈ R, such that A(t) > 0, B(t) > 0, ∀t > 0.
Proof. For a convex set K ⊂ Rn , denote O(K) as a set of
affine transformations which leave the set K invariant, i.e.,
the automorphism group of K. Applying results from [6],
we know that, O(K) ⊆ O(ξ(K)). Since K(t) is symmetric
about both the x and y axes, the transformation T(x) =
−I2 x, where I2 is the identity matrix, lies in O(K(t)),
and hence in O(ξ(K(t))). Furthermore, if T ∈ O(ξ(K(t)))
then T(c) = c. Applying this result with the transformation
T(x) = −I2 x, we get c = (0, 0).
We know from [6], that T ∈ O(ξ(K(t))) =⇒ P T H(t)P =
H(t). The structure of H(t) appears by applying


1 0
P =
,
0 −1
and the fact that H(t) is always positive definite.
2

Applying results from [8] for the case of K(t) ⊂ R ,
we know that, there exist contact points {qi }h1 , 0 < h ≤ 5
satisfying qi ∈ ∂K(t) ∩ ∂ξ(K(t)), i = 1, . . . , h. Furthermore,
these contact points cannot all lie in any closed halfspace
whose bounding hyperplane passes through the center of
ξ(K(t)). Using these facts, the following lemma can be
stated:
Lemma 2. There are 4 contact points between K(t) and
ξ(K(t)).
Proof. We seek to find the number of contact points h. Since
K(t) and ξ(K(t)) are symmetric about the x and y axes (see
Lemma 1), and 0 < h ≤ 5, h can only take values 2 or 4.
If h = 2, both contact points must lie on the x or y axes
(otherwise symmetry in all the 4 quadrants is not possible).
But, the contact points cannot lie in any closed halfspace
whose bounding hyperplane passes through the center of
ξ(K(t)). Hence h = 4.

1 − Xt (t2 − α(t)2 )
α(t)2

(
where α(t) =

1 − A(t)(t2 − α(t)2 )
α(t)2

1 − cos(t), if 0 < t ≤ π/2
t − π/2 + 1, if t > π/2

.

Proof. See [10], Lemma 3.
The next theorem solves the convex optimization problem outlined above to obtain analytical expressions for the
minimum area ellipse enclosing K(t) (Fig. 2).
Theorem 1. The minimum area ellipse ξ(K(t)) has the form
E(c, H(t)), where c = (0, 0) and H(t) = diag(A(t), B(t)).
A(t) and B(t) are given by the following expressions:
1) If 0 < t ≤ π/2, then
A(t) =

1
1
and B(t) =
,
2(t2 − α(t)2 )
2α(t)2

where α(t) = 1 − cos(t).
2) If π/2 < t ≤ (1 + √12 )(π − 2), then
A(t) =

1
1
and B(t) =
,
2(t2 − α(t)2 )
2α(t)2

where α(t) = t − π/2 + 1.
3) If t > (1 + √12 )(π − 2),
1
1
and B(t) = 2
2
t
t
Proof. See [10], Theorem 1.
A(t) =

The following theorem justifies the ellipsoidal approximation by showing that the dissimilarity between conv(R(t))
and ξ(K(t)) asymptotically goes to zero as time grows larger.
Theorem 2. Let R(t) denote the reachable set of
a differential-drive robot with dynamics given in (1),
conv(R(t)) denote its convex hull, K(t) denote an approximation of the convex hull as defined in Proposition 1, and
let ξ(t) be the minimum area ellipse circumscribing K(t).
Then,
lim dJ (conv(R(t)), ξ(t)) = 0,

t→∞

where dJ is the Jaccard distance.

low res?

for Zi (µ, tk ) can be obtained by integrating (1) for constant
velocity inputs.
In order to ensure the scalability and computational
tractability of the safe time horizon algorithm, we introduce
the notion of a neighborhood set for each robot. To do this,
the safe time horizon for each robot is upper-bounded by
a pre-specified value L. This allows us to introduce the
neighborhood set of robot i at time t as:

Ni (t) = j ∈ M, j 6= i : kzi (t) − zj (t)k < 2L ,

Fig. 2: Minimum area ellipse enclosing K(t)

Proof. See [10], Theorem 2.
Fig. 3 shows the evolution of R(t), conv(R(t)), K(t)
and ξ(K(t)) for different values of time. As predicted by
the result, the dissimilarity between conv(R(t)), K(t) and
ξ(K(t)) asymptotically goes to zero.

where k.k denotes the l2 norm. If robot i and robot j are
not neighbors, they cannot collide within the maximum safe
time horizon L.
The safe time horizon si (tk ) can be defined as,
si (tk ) = min sij (tk ),
j∈Ni

where sij (tk ) is called the pair-wise safe time and is defined
as,
Zλ
sij (tk ) = max

1 dλ

λ

(3)

0

s.t. Zi (µ, tk ) ∈
/ R(µ; zj (tk ), φj (tk )), ∀µ ∈ [0, λ]
and λ ≤ L.

Fig. 3: Evolution of R(t), conv(R(t)), K(t) and ξ(K(t)) for
t = 2, 5, 12, 25. As predicted by Theorem 2, the dissimilarity
between conv(R(t) and ξ(K(t)) asymptotically goes to zero.
The scale for each figure is different.
Using the ellipsoidal approximation of the reachable set
developed in this section, Section III outlines a safe time
horizon based open-loop motion strategy for the robots.
III. A S AFE O PEN -L OOP M OTION S TRATEGY
Let M = {1, . . . , N } be a set of N differential-drive
robots, where each robot moves according to the dynamics
specified in (1). Let (zi (t), φi (t)) denote the configuration
of robot i ∈ M at time t. At regular intervals of time tk =
kδ, k ∈ N, the central decision maker transmits the desired
velocities ui (tk ) = (vi (tk ), ωi (tk )) and the corresponding
safe time horizon si (tk ) to each robot i ∈ M via a wireless
communication channel. 1/δ is called the update frequency.
When a robot experiences communication failure, it executes the last received velocity command repeatedly for the
duration of the corresponding safe time horizon. This causes
the robot to follow a circular trajectory. Let Zi (µ, tk ) denote
the position of robot i along this circular trajectory, where tk
is the time of the last received command and µ is the time
elapsed since the communication failure. The expressions

Thus, the safe time horizon is the longest amount of time
for which the trajectory of the robot after communication
failure, does not intersect the reachable sets of its neighbors.
But, as motivated in Section II, the definition of sij (tk ) can
be modified by replacing R(µ; zj (tk ), φj (tk )) with ξj (µ, tk )
in (3), where ξj (µ, tk ) denotes the ellipsoidal approximation
corresponding to R(µ; zj (tk ), φj (tk )) as derived in Section
II. Next, we discuss how the safe time horizon is incorporated
into the motion strategy of the robots.
As discussed earlier, the central decision maker transmits
ui (tk ) and si (tk ) to all the robots i ∈ M at regular time
intervals tk , k ∈ N. Let ci represent the status of the
communication link of robot i:
(
1, if (ui (tk ), si (tk )) was received
ci (tk ) =
0, if (ui (tk ), si (tk )) was not received.
Algorithm 1 outlines the motion strategy that robot i employs.
Fig. 4 illustrates the rationale behind the safe time horizon
algorithm. As long as the robot experiencing communication
failure is outside the ellipsoidal reachable sets of its neighbors, it can safely move. The end of the safe time horizon
corresponds to the time when the robot reaches the boundary
of one of the ellipses. At this point, the robot stops moving.
In order to state formal safety guarantees regarding Algorithm 1, we make mild assumptions on the capability of the
control algorithm executing on the central decision maker.
We assume that, the control algorithm ensures collision
avoidance between communicating robots as well as between
communicating robots and stationary obstacles. In particular,

Algorithm 1 Safe Time Horizon based Open-Loop Motion
Strategy
k = 1, l = 1; ui (0) = 0, si (0) = 0
while true do
if ci (tk ) = 1 then
Execute ui (tk )
l=k
else if tk − tl < si (tl ) then
Execute ui (tl )
else
Stop Moving
end if
k =k+1
end while

*

Position of robot when the communication failure occured
Current position of the robot
Safe Open-Loop trajectory followed by robot
Ellipsoidal reachable sets of neighboring robots

(a) t = 0.005

(b) t = 3

(c) t = 5

(d) t = 5.96

if ∃i, j ∈ M such that ci (tk ) = 1 and cj (tk ) = 1, then ui (tk )
and uj (tk ) guarantee that,
kzi (tk ) − zj (tk )k > 0 =⇒ kzi (tk+1 ) − zj (tk+1 )k > 0.
Let zO denote the position of a stationary obstacle. If
ci (tk ) = 1 for any i ∈ M,
kzi (tk ) − zO k > 0 =⇒ kzi (tk+1 ) − zO k > 0.

(4)

Utilizing these assumptions, the following theorem outlines
the safety guarantees provided by Algorithm 1.
Theorem 3. If robot i does not receive any commands from
the central decision maker after time tk , i.e., ci (tk ) = 1 and
ci (tm ) = 0 ∀m > k, then Algorithm 1 ensures that,

Fig. 4: The safe time horizon represents the longest time
duration for which the robot lies outside the ellipsoidal
reachable sets of other robots. Thus, the robot experiencing
communication failure can execute its last received velocity
command for the corresponding safe time horizon and remain
safe. Beyond this, the robot stops moving.

kzi (tk ) − zj (tk )k > 0 =⇒ kzi (tk + µ) − zj (tk + µ)k > 0,
∀µ ∈ [0, si (tk )], ∀j ∈ M, j 6= i.
Proof. See [10], Theorem 3.
Beyond the safe time horizon, the robot stops moving, and
(4) ensures that no collisions occur with the stationary robot.
Thus, the original safety guarantee of the control algorithm
is extended to situations where the robot is moving without
commands from the central decision maker within the safe
time horizon.
IV. R ESULTS
This section provides validation of the safe time horizon
algorithm using simulations as well as experiments conducted on a multi-robot testbed.
Fig. 5 simulates the motion of 6 robots during a communication failure with and without the safe time horizon
algorithm. In the case where safe time horizons are not utilized, shown by Fig. 5a and Fig. 5b, the robots experiencing
communication failure abruptly stop moving, thus exhibiting
a jerky motion pattern. When safe time horizons are utilized,
the robots experiencing communication failure execute their
last received velocity command for the duration of the safe
time horizon (Fig. 5c and Fig. 5d), thus avoiding jerky “startstop” motion behaviors.

The safe time horizon algorithm is also implemented
on a multi-robot testbed with 4 Khepera III robots and
an Optitrack motion capture system. In the first scenario
(Fig. 6a and Fig. 6b), the robot experiencing communication
failure executes its last received velocity command for the
duration of the safe time horizon, after which it becomes
stationary. In the second scenario, (Fig. 6c and Fig. 6d), the
robot experiences a short duration communication failure and
keeps moving safely through it. In particular, the safe time
horizon algorithm successfully combats issues pertaining to
intermittent communications on the Robotarium, and enables
the seamless execution of coordination algorithms in the face
of such failures.
V. C ONCLUSIONS
The safe time horizon algorithm not only provides a
technique for multi-robot systems to safely handle intermittent communication failures, it demonstrates the feasibility
of reachability analysis as a powerful tool for multi-robot
algorithms. The minimum area ellipse derived in Section
II provides a compact and efficient way to represent the
reachable set of a differential-drive robot and can be used in
other robotics algorithms as an abstraction of the reachable
set itself.

Robot under normal operation

*

Robot currently experiencing communication failure

Position of robot when the communication failure occured
Current Position of robot experiencing communication failure

X Position of robot when communication failure occured
Safe Open-Loop trajectory followed by robot

Safe Open-Loop trajectory followed by robot

X

(a) No Safe Times: t = 3.1s

(a) Robots at t = 9s

(b) No Safe Times: t = 8.3s

(b) Robots at t = 14s

X
(c) With Safe Times: t = 3.1s

(d) With Safe Times: t = 8.3s

Fig. 5: Simulation results comparing of the motion of robots
with and without safe time horizons. Two robots experience
communication failure from t = 3.1s to t = 8.3s. In the case
when safe time horizons are not used (Fig. 5a and Fig. 5b),
the robots exhibit jerky motion behavior, since they abruptly
stop during the communication failure. When safe time
horizons are used (Fig. 5c and Fig. 5d), the robots continue
moving by executing their last received velocity command
for the corresponding safe time horizon, thus demonstrating
the ability of the safe time horizon algorithm to effectively
handle communication failures.

(c) Robots at t = 28s

Fig. 6: Four Khepera III robots are shown patrolling a
U-shaped corridor. At t = 9s, a robot experiences communication failure and executes its last received velocity
command until t = 14s. Similarly, a robot loses communication at t = 28s (Fig. 6c), but the developed algorithm allows it to continue moving until communication is
restored (Fig. 6d). This experiment demonstrates how the
safe time horizon algorithm can prevent disruptions in robot
motion caused due to intermittent communications on the
Robotarium. A video of this experiment can be found at
www.youtube.com/watch?v=Gyz861xwaHY
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