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Abstract— This paper discusses the problem of poweraware rendezvous, in which a collection of mobile agents
must decide where and when to meet in order to do so in
the least amount of time, given different available initial
power levels. Moreover, the movements of the individual
agents directly affect the power consumption, which means
that the agents must meet in such a way that they do not
run out of power. This problem is first approached as
an optimal control problem and then implemented in a
distributed manner on a team of simulated mobile robots.

I. INTRODUCTION
As a number of multi-agent systems are expected
to operate in environments where it may not be easy
to replace batteries or refill the fuel, such as hostile
environments, e.g., [1], and space, e.g., [2], power
consumption must be taken into account already at the
design phase. This is especially important for large-scale
systems, where a large group of agents is deployed and
power is depleted due to the actions that the agents
must perform, e.g., moving, sensing, communicating,
computing.
Power-aware algorithms have been developed for
many applications in the area of multi-agent networks.
For example, in the sensor networks community, poweraware algorithms have been developed in order to maximize the lifetime of a network, while still being able to
sense as much as possible, e.g., [4], [5], [6], [7], [8]. In
these strategies, mobility is not taken into account since
the sensors are stationary once deployed.
However, there is a broad class of multi-agent problems which require mobility and in these problems,
power-aware strategies are especially important. In fact,
as a general observation, mobility is the most “expensive” when it comes to power consumption, whereas
communications are less costly and computations and
sensing are the least expensive, in comparison [3].
One of these mobile multi-agent problems that has
been expanded upon to take the power consumption into
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account during the design phase includes the classic
rendezvous problem [9], in which a group of mobile
agents meet at a common location using only relative
position information. This problem is explored in [3],
where the goal is for the agents to achieve rendezvous,
while the dissipation of power of the agents is reflected
by a diminishing sensing footprint. In this work, power
levels are depleted due to mobility and the sensing
footprint, which determines each agent’s neighborhood
set, is dependent upon that agent’s current power level.
Similarly, in [10], the power-aware rendezvous problem
is again investigated, but this time uses a power model
in which power decay is a function of the current power
level, as opposed to being dependent on mobility.
Another coordinated multi-agent problem is coverage
control, in which a group of mobile agents must be
deployed to collectively cover a large environment and
collect information across the area. Like the rendezvous
problem, this problem has also been explored from a
power-aware standpoint, in which the total energy of
the agents, taking mobility, sensing and communication
costs into account, is minimized [11].
The work presented in this paper also addresses the
rendezvous problem, but differs from [3] and [10] in
that we do not consider the sensor footprint from a
power perspective. In fact, we assume that the agents
communicate over a static network, and instead focus on
where and when the agents should meet given different
initial power levels. This problem is relevant when a
large collection of agents are deployed and it is possible
that they do not all start with the same amount of power.
Instead of the agents with less power simply dropping
off when they run out of power, we are interested in
designing a strategy that allows the agents to still achieve
rendezvous by taking the power levels into account
during the design phase. Because the agents lose power
as they move, we use a power model that is dependent
on mobility, as is done in [3]. Note that even though
the paper focuses on rendezvous, this should only be
thought of as one particular instantiation of a larger class
of power-aware mobility problems.
In this paper, we discuss the optimal way to move

agents around so that power consumption is minimized.
To this end, we start with the single-agent case in which
an agent must move from a desired initial position to a
desired final position in a specified time while utilizing
the least amount of power. Then we extend this to a
group of mobile agents that wish to achieve rendezvous
in the least amount of time, where the agents’ power
levels must be taken into account in order to find the
meeting location that minimizes the time required to
meet. Once the meeting location and time is decided
upon, the control strategy is obtained for each agent to
allow it to travel to the meeting location in the given
time while minimizing power consumption.
The outline of the paper is as follows: In Section II,
the rendezvous problem that we are concerned with is
described at a high level. In Section III, the optimal fuel
consumption problem for the single-agent case is described and a solution is presented. Section IV describes
the extension to the problem in which multiple agents
need to decide on where and when to meet and gives
a distributed algorithm that solves this problem. Section
V concludes and summarizes what was discussed in the
paper.
II. PROBLEM OVERVIEW
Consider a network of mobile robots that would like
to meet at some spatial location, where each agent starts
with some non-negative power level. The problem that
we are interested in is finding the location where the
agents should meet so that they can meet in the least
amount of time. To illustrate, suppose there are two
robots that have the same initial power level. In order to
meet in the shortest amount of time, a naive approach
could be to have the agents meet at the average of their
positions. Now instead suppose one of the robots has an
initial power level that is double that of the other robot.
Now where should they meet? This is the question under
consideration in this paper.
For the moment, suppose that we have solved this
problem and know where the agents should meet and
how long it will take them to meet. There is then the
question of how the agents should move from their
initial positions to the meeting point. There are many
different ways that the agents can move between two
points, but we are interested in minimizing total power
consumption. Thus, we can formulate this problem as
an optimal control problem to determine the input that
each agent needs to move it from its initial position to
the meeting point using the least amount of power.
In summary, we are trying to minimize both power
consumption and the amount of time required for the
agents to meet. If we were just minimizing power

consumption, the agents would meet in infinite time,
since we could travel infinitely slow, using up “zero”
power. On the other hand, if we were just minimizing
the time required for the agents to meet with no regard
to power consumption, the agents would travel infinitely
fast and reach every point in “zero” time, thus making
the determination of the meeting point unnecessary.
Now, going back to the rendezvous problem, in order
to find the optimal meeting location and time that it
will take to meet, we need to know how the agents
are moving and how their power levels are dissipating,
because each agent needs to be able to reach the meeting
point in the meeting time with a final non-negative power
level. Clearly, if an agent runs out of power before
reaching the meeting point, the agents will not meet. If
we look at the problem of finding the meeting location as
an optimization problem, this power requirement can be
treated as a constraint. However, in order to represent
this constraint in a mathematical way, we must deal
with the single-agent problem first, in which we find the
control signal that allows a single agent to move between
two points in a specified amount of time using the least
amount of power. This problem will be discussed in the
next section.
III. SINGLE-AGENT CASE
The goal in the single-agent case is to find the control
input u that minimizes the fuel consumed when an
agent moves between prespecified points in a given
amount of time, T , starting with zero velocity and
ending with zero velocity. We will start by defining the
power and mobility models, where we consider agents in
one dimension (along a line). This can easily be relaxed
to higher dimensions by traveling in straight-line paths.
A. Power and Mobility Models
For this problem, the dynamics of the agent are given
by:
ẋ1 = x2
ẋ2 = u
ẋ3 =

−x22

(1)
2

− αu

Here, x1 ∈ R is the position of the agent, x2 ∈ R is
the velocity, and x3 ∈ R is the agent’s power level.
The acceleration is given by the external input u, which
will be designed to minimize power consumption. The
dynamics for x1 and x2 are given by a double integrator,
as is quite standard, e.g. [12], [13], [14], [15].
The dissipation of power is represented by a quadratic
function of the velocity and acceleration of the agent,
where α ∈ R+ is a constant that determines how
strongly acceleration affects the dissipation of power

in comparison to the effect of the velocity. Clearly,
power is lost while the agent is moving, hence we need
that ẋ3 ≤ 0 at all times, which is satisfied by these
dynamics. Also, if the agent is not accelerating, but
still moving (i.e. has non-zero velocity), the power level
should still be decreasing. In this model, we consider
power consumed through sensing, communication, and
computations to be negligible, since mobility is the most
costly in terms of power consumption.

Proof: Letting L = x22 + αu2 , the Hamiltonian, H,
is given by:
H = L + λ> f
= x22 + αu2 + λ1 x2 + λ2 u − λ3 x22 − λ3 αu2
and the co-states satisfy

λ̇ = −

We want to design u to minimize the amount of power
consumed throughout the entire move, starting from t =
0 and ending at t = T , which is represented by x3 (0) −
x3 (T ). This value can equivalently be represented by the
integration of −ẋ3 (t). The control problem is formulated
as follows:
ZT
min (x22 (t) + αu2 (t)) dt
(2)


0
= − 2x2 + λ1 − 2λ3 x2  .
0
This yields λ1 (t) = ν1 , where ν1 is some constant, and
λ3 (t) = 0 due to the fact that x3 (T ) is free. As a result,
we get λ̇2 (t) = −2x2 (t)−ν1 and let λ2 (T ) = ν2 , where
ν2 is some constant.
The optimality condition
∂H
= 2αu + λ2 = 0
∂u

u

0

where the initial and final conditions are specified by:

yields

x2 (0) = 0
(3)

λ̈2 (t) = −2ẋ2 (t)
= −2u(t)
1
= λ2 (t),
α

x3 (T ) ≥ 0
Note that x10 , x30 , and x1T are given parameters representing the initial position, initial power level, and final
position, respectively, whereas x3 (T ) is free, but must
be non-negative.
Theorem 3.1: The control signal u(t) that solves the
problem in (2), subject to the agent dynamics in (1) and
the initial conditions in (3), is given by:

1  √1α t
− √1 t
c1 e
+ c2 e α ,
(4)
u(t) = −
2α
where
2(x10 − x1T )
 
 
ν1 =
√ 
T + 2 α sinh−1 √Tα − tanh−1 √Tα
 
√ 
α 1 − cosh √Tα
 
ν2 =
ν1
sinh √Tα

(5)

λ2 (t) is found by differentiating λ̇2 (t) and then solving the resulting second order differential equation.

x2 (T ) = 0

√
1 − √1 T
c1 = e α (ν2 − ν1 α)
2
√
1 √1 T
c2 = e α (ν2 + ν1 α)
2

λ2 (t)
.
2α

u(t) = −

x1 (0) = x10

x1 (T ) = x1T

>



B. Optimal Fuel Consumption

x3 (0) = x30 > 0

∂H
∂x

with boundary conditions λ2 (T ) = ν2 and λ̇2 (0) =
λ̇2 (T ) = −ν1 , has solution
λ2 (t) = c1 e

√1 t
α

+ c2 e

− √1α t

,

(6)

for some constants c1 and c2 . This solution yields three
boundary conditions,
λ2 (T ) = c1 e

√1 T
α

+ c2 e

− √1α T

= ν2

1
1
λ̇2 (0) = √ c1 − √ c2 = −ν1
α
α
1
1
√1 T
− √1 T
λ̇2 (T ) = √ c1 e α − √ c2 e α = −ν1 ,
α
α

(7)
(8)
(9)

and using (7) and (9), c1 and c2 were found in terms
of ν1 and ν2 to be
c1 =
c2 =

e

− √1α T

2
e

√1 T
α

2

√ 
ν2 − ν1 α

(10)

√ 
ν2 + ν1 α .

(11)

To solve for ν1 and ν2 , we first integrate u(t) to find
x2 (t), which results in
i
√
1 h√
√1 t
− √1 t
αc1 e α − αc2 e α + αν1 ,
x2 (t) = −
2α

Tmin is found by solving the following equation:

and then integrate x2 (t) to find x1 (t), resulting in
i
1 h √1 t
− √1 t
x1 (t) = − c1 e α + c2 e α + ν1 t − c1 − c2 +x10 ,
2
(12)
which must satisfy x1 (T ) = x1T . By substituting the
expressions for c1 and c2 from (10) and (11) into (12)
and using the boundary condition, we get






√
T
T
ν1 T − α sinh √
+ν2 1 − cosh √
α
α
= 2 (x10 − x1T ) . (13)

Curves can be created that show how Tmin relates to
the total distance traveled and the initial power level. An
example of such curves is shown in Fig. 1.

By substituting the expressions for c1 and c2 from
(10) and (11) into (8), we get
 
√ 
α 1 − cosh √Tα
 
ν1 ,
(14)
ν2 =
sinh √Tα
and by substituting ν2 from (14) into (13), we solve for
ν1 , resulting in
ν1 =

2(x10 − x1T )
  ,
 
√ 
T + 2 α sinh−1 √Tα − tanh−1 √Tα

where everything on the right hand side is known. Hence
we know ν2 , and then can find c1 and c2 , which describe
λ2 (t) completely. By substituting λ2 (t) from (6) into (5),
we get

1  √1α t
− √1 t
u(t) = −
+ c2 e α .
c1 e
2α

Now given T , α, x10 , and x1T , the optimal control input, which minimizes the total power consumed
throughout the move, can be found. However, this
control input does not take the initial power level into
account, and thus we can end up with a negative final
power level, which isn’t feasible in reality since the
agents will stop moving when they run out of power.
Given α, x10 , x1T , and the initial power level (x30 ), we
can determine the minimum time, Tmin , in which the
move can be completed such that the final power level
is non-negative. The minimum time in which the move
can be completed corresponds to a final power level of
zero, because if there is power remaining at the end of
the move, it could have been completed faster.

2

(x10 − x1T )

  − x30 = 0

Tmin
1−cosh √
√
α


Tmin + 2 α
Tmin
sinh

√

(15)

α

Fig. 1: Depicted are curves that represent the minimum
time (Tmin ) required for an agent to travel a specified
distance (x1T − x10 ), given that the agent has an initial
power level of 20 (solid), and an initial power level of
40 (dashed).
It can be seen in Fig. 1 that Tmin increases with
increasing distance traveled, as expected. Also as expected, an agent with a higher initial power level can
travel any specified distance in less time than an agent
with a lower initial power level because a higher initial
power level means that the agent is able to travel faster.
If we relax the constraint that the final power must be
zero and instead let it be greater than or equal to zero,
we get
2

x30 ≥

(x10 − x1T )



1−cosh √Tα
√


T +2 α
T
sinh

√

(16)

α

where the expression on the right-hand side is the
amount of power lost during the move, which must be
less than or equal to the initial power level in order to
end up with a non-negative power level at time T . This
inequality will be important in the next section when the
constrained optimization problem is introduced.
IV. MULTI-AGENT RENDEZVOUS
Now that the input has been found that minimizes
power consumption in the single-agent case, we have

to determine where and when the mobile agents should
meet so that they meet in the shortest amount of time,
while satisfying the requirement that each agent must
end up at the meeting location with a non-negative power
level.
Given N agents, let pi ∈ Rn be the n-dimensional
position where agent i would like to meet the other
agents and let τi ∈ R be the time at which agent
i would like to meet the other agents. Now define
p = [pT1 , ..., pTN ]T ∈ RN n and τ = [τ1 , ..., τN ]T ∈ RN .
Since the agents need to agree upon their meeting
point and time, eventually pi should equal pj and τi
should equal τj for all i, j ∈ {1, ..., N }. This is a well
established problem known as consensus and we will
combine consensus with our cost to solve this problem.
We want to minimize the amount of time that it takes
the agents to meet, while including consensus so that
all agents eventually agree on the decision variables.
Each agent has a (potentially) different initial power
level and thus this problem needs to take power level
into account when finding the optimal meeting location
and time. This problem of meeting in the least amount
of time can be formulated as a constrained optimization
problem, given by:



N
X
X
1
 ρτi2 + 
||pi − pj ||2 + ||τi − τj ||2 
min
2
(p,τ )
i=1

dynamics are such that they remain positive, which is
necessary because we have inequality constraints.
(pi − pj ) −

∂hi
(pi , τi ) µi
∂pi

(τi − τj ) − ρτi −

∂hi
(pi , τi ) µi
∂τi

ṗi = −

X
j∈Ni

τ̇i = −

X
j∈Ni


µ̇i =

hi (pi , τi )
0

if hi (pi , τi ) > 0 or µi > 0
otherwise

Note that this is a decentralized algorithm, in which each
agent needs only its own information and that of its
neighbors.
This algorithm was implemented in MATLAB for a
network of three agents with one-dimensional positions.
The agents’ initial positions are 10, 20, and 30, with
initial power levels of 30, 30, and 5, respectively. The
initial meeting point for agent i, pi , was set to agent
i’s initial position, (x30 )i , to indicate that agent i would
initially like to meet the other agents at its own starting
position. Each agent’s initial meeting time, τi , was set to
100, so that the power constraint (hi (pi , τi ) ≤ 0) would
be satisfied initially for all i. Fig. 2 shows the trajectories
of the meeting points, pi for i = 1, 2, 3 and Fig. 3 shows
the trajectories of the meeting times, τi for i = 1, 2, 3.

j∈Ni

s.t. hi (pi , τi ) ≤ 0 ∀i = 1, ..., N .
The first term in the cost ensures that the agents
minimize the amount of time that it takes them to meet,
where the weighting factor ρ determines how strongly
this term affects the cost. The second term enforces
consensus of the decision variables across the agents,
where Ni is the set representing agent i’s neighborhood.
Here, hi is the constraint that ensures that agent i can
reach pi in time τi given its initial position and power
level. hi is derived from (16) and is given by:
hi (pi , τi ) = k(x10 )i − pi k2
  


1 − cosh √τiα
√
  
− (x30 )i τi + 2 α 
sinh √τiα
If these constraints are not satisfied, the meeting point
and time will not be feasible because one or more
agents will run out of power before reaching the desired
meeting point.
This problem was solved via the primal-dual gradient
laws for constrained optimization, as described in [16],
using the dynamics given below, where the co-state, µi ,

Fig. 2: Depicted is where each of the three agents would
like to meet the other agents (pi corresponds to the
desired meeting location of agent i, for i = 1, 2, 3),
where the initial meeting positions for each agent is
that agent’s initial position (here the initial positions are
10, 20, and 30). The zoomed in portion shows the pi
trajectories for time t = 0 to t = 2, in which time the
desired meeting location of all agents approaches 20.

of these times over p to find the optimal time, and thus
the optimal meeting point.
This procedure is formalized as follows:
T (p) = max Tmini (p)
i

T ∗ = min T (p)
p

p∗ = arg min T (p),
p
∗

Fig. 3: Depicted are the curves of the times, τi , in which
each agent would like to meet the other agents, where
100 was used as the initial meeting time for all agents.
The zoomed in portion shows the τi values for the three
agents for time t = 3440 to t = 3500.

In both of the plots, it is difficult to differentiate
between the different trajectories corresponding to the
different agents because for the most part, they follow
very similar trajectories due to the consensus terms in
the cost. The important thing to note is that the agents
do indeed end up agreeing to meet closer to the agent
that has the lowest initial power level. In this simulation,
the final pi values were 24.1925, 24.2002, and 24.2079,
whereas the final τi values were 11.1250, 11.1169, and
11.1203, for i = 1, 2, 3, respectively.
These values can be compared to those obtained via
a centralized method, in which we use an exhaustive
search algorithm to find the meeting point that minimizes the time required for all of the agents to meet.
This algorithm requires sweeping through all possible
values of the meeting point p, so in the given example,
p takes on values from 10 to 30. For each p value, we
compute the minimum time required for each agent to
travel to p, using the fuel-optimal control input, under
the given initial positions and power levels. This is done
by setting x1T equal to p for every agent and solving
for Tmin using (15).
The solution for Tmin to (15) using the parameters
for agent i will be denoted Tmini for i = 1, ..., N .
This is the minimum time that it would take agent i
to reach point p. The maximum over i of these times
is found at each point p, and denoted T (p). Since each
agent takes at least Tmini to reach point p, each of them
will be able to reach point p in the maximum of these
times, T (p). Therefore, T (p) is the time required for all
agents to meet at point p. Then we take the minimum

where p is the optimal meeting point and T ∗ is the
time required for all agents to reach p∗ .
This algorithm resulted in a meeting location of
24.2 in a time of 11.1392. Although there is a slight
difference between these numbers and those found via
the decentralized method, possibly due to the discrete
implementation of continuous time derivatives in the
latter, it is important to note that the two algorithms
give approximately the same results.
Now that we can find the meeting location that
minimizes the time required for the agents to meet, each
agent individually can then use (4) to find the input ui
that gets them to the meeting location using the least
amount of power.
V. CONCLUSIONS
In this paper, we present a power-aware strategy for
allowing a network of agents to achieve rendezvous as
quickly as possible. We study both a centralized and a
decentralized method for finding the best location for
the agents to meet that depends on the initial positions
and power levels of the agents. We also present an
algorithm that describes how to control a single agent
that is moving from some given initial position to some
desired final position in a given amount of time such
that the overall power consumption (due to mobility)
is minimized. This allows us to achieve rendezvous as
quickly as possible while also minimizing the amount
of power that each agent consumes.
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