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Abstract
In this paper, we address the problem of adaptively enriching motion description languages for multi-modal control by
systematically enlarging the set of available modes. This problem is formulated as an optimal control problem, where new
modes are designed by combining recurring mode string fragments into smooth, new “meta-modes” and variational arguments
are employed to derive optimality conditions for this construction.
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Introduction

A multi-modal system is a system that switches between
different modes of operation. These switches can be timedriven, or occur in response to changes in the environment (i.e. event-driven). The dynamics during each
mode are typically given by differential equations. Since
these systems combine continuous dynamics with discrete switching dynamics, they belong to the wider class
of hybrid systems.
In the case of controlled switching, the original system dynamics do not naturally change between different
modes. Rather, a multi-modal control strategy is employed to break up the control task into a sequence of
simpler tasks. The main idea is to design different controllers with respect to a particular control task, operating point, or system configuration, and then combine
these controllers using supervisory logic to obtain the desired overall behavior. A prime example of this paradigm
is behavior-based robotics, in which the overall behavior
is obtained through a combination of simpler behaviors
(or controllers) such as avoiding obstacles and approaching landmarks [1,5].
In this paper, we define a mode as consiting of a feedback
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control law together with a condition for its termination (referred to as an interrupt condition), as is the case
within the Motion Description Language (MDL) framework [4,10]. Using this representation for the mode, the
control task involves designing a set of feedback laws and
interrupt conditions pertinent to the control task, and
then sequencing them in order to achieve the desired,
overall behavior.
Assume that we are given a set of feedback laws (denoted
by K) and interrupts (denoted by Ξ), a control program
(mode string) is a concatenation of pairs (κ, ξ) ∈ K × Ξ.
Such control programs can be thought of as having an
information theoretic content [9] in that we can let the
complexity of the control program be given by the number of bits required to encode it. This is given by the
description length: |σ̄| log2 (card(K × Ξ)), where |σ̄| denotes the length of the control program σ̄, and card(·) denotes the cardinality. Moreover, one can think of expressiveness as a measure of what overall behaviors are producible from the set modes, characterized by the reachable set. (In fact, the reachable set has been thoroughly
studied and there is an abundance of literature pertaining to its estimation, e.g. [3,17].) One can thus ask the
question of whether or not it is worth adding new modes
to the mode set, i.e. try to weigh the increase in complexity against the potential increase in expressiveness and
the overall performance. In this paper, we extend our
preliminary work along these lines on motion alphabet
augmentation [13,15]. In particular, previous methods
neglected the interrupt conditions and focused solely on
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topic. Once these basis functions have been selected,
the construction of the new feedback law can be cast in
terms of finding appropriate (possibly state-dependent)
weights of the basis functions in the linear combination
that best approximates the trajectory produced by the
mode string fragment we are trying to replace.

designing new feedback laws. These feedback laws were
designed to replace individual occurrences of recurring
mode fragments with the hope that it would also be useful as a replacement of other occurrences of the mode
fragments, although no such guarantees were provided.
In this paper, we remedy this shortcoming by optimizing over the entire mode string instead of a single occurrence of the mode fragment. Moreover, we also directly
tackle the issue of how to design the interrupt conditions
in the event-driven setting.
2

In fact, given the trajectory x(t) ∈ Rn , obtained using
the mode string fragment σ1 σ2 · · · σr that we are trying
to replace, the main idea behind this work is to introduce
an approximation function z(t) ∈ Rn . This function is
supposed to track x(t) and is defined through

Problem Description

ż = f (z, κ1r ) until ξ1r (z) = 1,

Formally, we define a mode σ as a pair (κ, ξ), where
κ : X → U corresponds to a particular feedback law,
the interrupt ξ : X → {0, 1} encodes conditions for its
termination, and where X and U denote the state and
input space respectively. (Time-driven interrupts can be
facilitated by including time in the state space.) Given a
finite set of feedback mappings K and interrupts Ξ, we
let Σ = K × Ξ denote the set of all modes, or controlinterrupt pairs, and by Σ⋆ we understand the set of all
finite length strings over Σ.

(1)

with z(0) = x(0). Hence, the problem is reduced to finding the feedback mapping κ1r that best approximates
x(t). In [13], the feedback law κ1r was constrained to be
a static, linear combination of the basis functions gi ’s,
which reduces the problem to finding appropriate coefficients in order to minimize a particular cost function
that is designed to capture how well the original trajectory is being approximated.
In this paper we generalize this idea by proposing to let
the feedback law κ1r be more general, using membership
functions, as proposed in [14],

Assume that we are given a mode string σ̄ ∈ Σ⋆ for
solving a particular control task. What we address in this
paper is the question: What new modes, if any, should
be added in order to improve the performance? By this,
we understand not only a reduction in performance cost,
but also a reduction in the specification complexity of
the control program. Moreover, the new modes should
be added in a structured manner so that this procedure
can be automated.

κ1r (z(t)) =

N
X

µi (z(t), αi )gi (z(t)),

(2)

i=1

where µi : Rn × Rk → R. In (2), the weight of each
basis function gi is determined by a weighing function
µi , which is parameterized by vector αi ∈ Rk . We refer to these weighing functions as membership functions
as they closely resemble membership functions in fuzzylogic control [8,16]. Here the control vector is the concatenation of the shaping vectors αi s for each of the N
membership functions, and hence α
~ = [α1 , . . . , αN ]T ∈
Nk
R .

In [13,15], we showed that it may be beneficial to replace recurring mode string fragments, if they exist, by
a smooth, new “meta-mode.” For example, consider the
mode sequence σ̄ = σ1 σ2 σ3 σ1 σ2 σ4 ∈ Σ⋆ , where we observe that σ1 σ2 is a recurring mode string fragment. To
see how augmenting the mode set in this manner can reduce the complexity, assume that σ1 , . . . , σr occurs (possibly repeatedly) in a control program. If p occurrences
of σ1 , . . . , σr are replaced by a single “meta-mode” σ1r
in the original control program (σ̄old ), then the complexity of new mode string (σ̄new ) is now (|σ̄old | − p(r −
1)) log2 (card(Σold )+1) < |σ̄old | log2 (card(Σold )) as long
as p ≥ 1 and r > 1. Thus, the complexity would be reduced if such a σ1r could be found. So the main problem
under consideration here is the construction of such a
σ1r . The construction of this new mode σ1r involves constructing a new feedback law κ1r and an interrupt ξ1r .

But, finding the feedback laws is not enough. We also
need to find the appropriate interrupt functions. And, in
this paper we will assume that the interrupts are parameterized by some control vector. In particular, we let the
interrupt ξi be shaped by a control parameter βi ∈ Rk ,
e.g. ξi : Rn × Rk → {0, 1}. Now we can design ξ1r by adjusting βr , hence the optimization problem involves an
additional control vector β ∈ Rk .
In light of the preceding discussion, in this paper we will
propose a systematic construction for finding the new
control laws and interrupt conditions. Before detailing
this construction, we will first examine a simple example to make the key concepts more concrete. Suppose we
have a mode string σ̄ = σ1 σ2 σ3 σ1 σ2 σ4 , and note that
σ1 σ2 is a recurring mode string in σ̄. The new mode

More specifically, we will construct the feedback law as
a linear combination of basis functions gi ’s, where gi
is given by some combination of the previous feedback
laws, i.e. gi = ζ(κ1 , . . . , κr ). In this paper, we do not
concern ourselves with the particular choice of ζ(·) exactly, but refer the reader to [15] for a discussion of this
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ξ1

κ2

κ1
z0 = x0

just a function of z otherwise. Thus, for ease of notation,
we introduce a new indexing function f˜i (z, α
~ ) defined as
ξ12

κ12

ξ2

f˜i (z, α
~) =

κ3
κ3
ξ1
κ1

κ2

xf zf

ξ2

κ4

Fig. 1. Depicted is the original trajectory x(t) and the approximation trajectory z(t).

would be constructed using an approximation trajectory
z(t) as shown in Figure 1. In particular, the approximation trajectory is given by

until ξ12 (z) = 1

j=1

µj (z, αj )gj (z)) if p(i) = 1r

f (z, κp(i) )

otherwise.

(5)

Moreover, we assume that the ”first” switching instant
τ0 = 0 is fixed, and the other switching instants are given
by the interrupts as

until ξ12 (z) = 1
until ξ3 (z) = 1

PN

Similarly, since we are only reshaping ξ1r , we can treat
βp(i) as a fixed constant when p(i) 6= 1r. Hence our
~ = β1r ∈
control parameter for the interrupt shaping is β
k
~
R . Again, for ease of notation, we introduce ξ˜i (z, β)
defined as follows:
(
~
if p(i) = 1r
~ = ξ1r (z, β)
ξ˜i (z, β)
(6)
ξp(i) (z, βp(i) ) otherwise.

κ4



f (z, κ12 (z))




 f (z, κ (z))
3
ż =

f (z, κ12 (z))




 f (z, κ (z))
4

f (z,

ξ12

κ12

ξ3
ξ4

(

(3)

τi = {t > τi−1 | ξp(i) (z(t), βp(i) ) = 1},

(7)

for i = 1, . . . , M .

until ξ4 (z) = 1,

Now our problem involves finding the control vectors α
~
and β~ such that the cost
Z τM
J=
L(x(t), z(t))dt + ψ(xf , z(τM ))
(8)

with z(0) = x(0). In equation (3) above, κ12 is shaped
by the control vector α
~ as shown in equation (2) and ξ12
is ξ2 reshaped by the control vector β12 .

τ0

3

A Variational Problem

is minimized, where L and ψ are continuously differentiable in their second argument. We also assume that the
basis functions gi ’s and membership functions µi ’s are
continuously differentiable. In addition to these assumptions, we must make one more assumption to ensure that
the approximation function z does not approach any of
the switching surfaces tangentially. Namely, we assume
that
∂ ξ˜i ˜
fi 6= 0
∂z
for i = 1, . . . , M . In other words, we assume that the Lie
derivative of ξ̃i with respect to z along the flow f˜i does
not equal 0.

To summarize: What we need to do is simultaneously
shape the new, meta-mode as well as the interrupt condition for its termination, as a function of the state of
the system. In fact, without the interrupts, a number of
approaches to solving similar problems have been proposed, including [6,7,12], and a similar derivation is also
given in [11].
For this, it will be advantageous to introduce an identifier
p(i), taking values in a finite set, denoting the mode of
operation during the time interval [τi−1 , τi ), where we
will use τ to denote the time instances at which the
system switches between different modes of operation.

Defining the Hamiltonian as

Using this terminology, the approximation trajectory
z(t) is given by

Hi (x, z, λi , α
~ i ) = L(x, z) + λi f˜i (z, α
~ ),

(9)

the augmented (but unaltered from an evaluation point
of view) unperturbed cost is given by




f (z, κp(1) (z)) until ξp(1) (z, βp(1) ) = 1


..
..
(4)
ż(t) =
.
.



 f (z, κ
p(M) (z)) until ξp(M) (z, βp(M) ) = 1,

J˜0 =

M Z
X
i=1

with z(0) = x(0). Observe that f (z, κp(i) (z)) is a function of z and the control vector α
~ when p(i) = 1r and

τi

τi−1

+

h
i
Hi (x, z, λi , α
~ ) − λi ż dt +

M
X
i=1

3


~ + ψ(xf , z(τM )).
ν ξ̃i (z(τi ), β)

(10)

Note here that the continuous co-state λ(t) is corresponds to the constraints of the continuous dynamics,
while the co-state ν corresponds to the discrete switching dynamics. Now we perturb (10) in such a way that
α
~ →α
~ + ǫ~γlr , where ~γlr = [0, . . . , γlr , . . . , 0]T (note the
(kl + r)th entry is γlr and all other entries are 0’s, e.g. we
are perturbing the rth entry of shaping vector αl ) and
~=β
~ + ǫ~δ, and ǫ << 1, then z → z + ǫη is the resulting
β
variation in z(t) and τi → τi + ǫθi for i = 1, . . . , M is
the resulting variation in the switching times.

the variations η and θi s. For the evolution of λ(t), we get
the expected (standard) result:

It can now be shown that the first order variation in J˜ is

h
∂ ξ̃M
(τM −) +
η(τM −) − λM (τM −) + νM
∂z
i
∂ψ
+
(τM −) ≡ 0
∂z
∂ψ
∂ ξ̃
=⇒ λM (τM ) =
(τM −) + νM (τM −).
∂z
∂z

λ̇i = −

M−1
X

+θM L(x(τM ), z(τM )) +

+

M
X
i=1

νi

h ∂ ξ̃

∂ ξ̃i
∂ ξ̃i 
f˜i θi +
η+
δ
+
~ t=τi
∂z
∂z
∂β
h ∂ψ
∂ψ i
+
f˜M+1 θM +
η
,
∂z
∂z t=τM

λi (τi −) = λi+1 (τi +) + νi

i

τi−1 +ǫθi−1

i=1

+

M
X

Z

γlr

τi

τi

τi−1 +ǫθi−1

i=1

h ∂H

i

∂z

h
i

∂ ξ̃i ˜
θi λi+1 (τi +) fi (τi −) − fi+1 (τi +) + νi
fi (τi −) ≡ 0
∂z

λi+1 (τi +) fi (τi −) − fi+1 (τi +)
=⇒ νi = −
, (17)
ξ̃i
(τi −)
Lf˜i ∂∂z

i
+ λ̇i ηdt +
M

X h i τi
∂H
dt −
λi η
∂αlr
τi−1 +ǫθi−1
i=1

(12)

ξ̃i
ξ̃i ˜
where Lf˜i ∂∂z
= ∂∂z
fi denotes the Lie derivative of ξ˜i
with respect to z along the flow f˜i . Similarly looking at
θM , we select νM as

Recall that θ0 = 0 since τ0 = 0 is fixed, and note that
η(0) = 0 since z(0) = x(0) = x0 . Using the fact that η(t)
is continuous, (12) is reduced to
δχ =

M Z
X

τi

τi−1 +ǫθi−1

i=1

+

M
X
i=1

−

M−1
X
i=1



γlr

Z

h ∂H

τi

∂z

i

νM = −

i
+ λ̇i ηdt +

τi−1 +ǫθi−1

∂ f˜i
dt −
∂αlr


λi (τi −) − λi+1 (τi +) η(τi ) −

−λM (τM −)η(τM −).

(16)

Using Equations (14),(15), and (16), λ(t) can be solved
by integrating backwards in time. However, the boundary conditions at τi depend on the costate νi . To see how
we should select νi , let’s first examine the variation θi ,
for i = 1, . . . , M − 1:

The integral terms in (11), denoted by δχ, can be further
reduced by integrating λi η̇ by parts to obtain
M Z
X

∂ ξ̃i
(τi −),
∂z

for i = 1, . . . , M − 1.

(11)

where J˜ǫ denotes the perturbed cost.

δχ =

(15)

Similarly looking at the variation η(τi −) for i =
1, . . . , M − 1, the boundary conditions at the switching
instants τi ’s are

h
i
θi λi+1 (τi +) fi (τi −) − fi+1 (τi +) +

i=1

(14)

The boundary conditions are, however, very different.
It turns out that the co-state λ(t) is discontinuous at
the switching instants. To see this, lets first look at the
variation η(τM −):

J˜ǫ − J˜0
δ J˜ = lim
ǫ→0
ǫ
M Z τi
h ∂H
i
X
∂Hi
i
η+
γlr − λi η̇ dt +
=
∂z
∂αlr
i=1 τi−1 +ǫθi−1
+

∂Hi
∂L
∂ f˜i
=−
− λi
.
∂z
∂z
∂z

∂ψ
fM ∂z

h L(xf , z) + L ˜
ξ̃M
Lf˜M ∂∂z

i

t=τM −

.

(18)

Note that all of the expressions derived above are well
ξ̃i
(τi ) 6= 0 for i = 1, . . . , M . Recall
defined as long as Lf˜i ∂∂z
that this condition simply means that the trajectory of
z does not approach the interrupt (or switching) surface
tangentially.
(13)

With this choice of the co-states, (11) is reduced to

˜ we want to select the coSubstituting δχ back into δ J,
states λi s and νi s so that we avoid having to calculate

δ J˜ =

M
X
i=1

4

γlr

Z

τi

τi−1

M

X ∂ ξ̃i
∂ f˜i
~δ.
dt +
νi
~
∂αlr
∂
β
i=1

(19)

~ are independent, the necessary conSince the αlr s and β
ditions are optimality (e.g. δJ = 0) are

is attained when the control vectors α
~ = [α1 , α2 , . . . , αN ]T ∈
Nk
k
~ =∈ R are chosen as follows:
R and β
Euler-Lagrange Equations:

M

X ∂ ξ̃i
∂J
=
νi
(τ −) ≡ 0, and
~
~ i
∂β
∂β
i=1
M Z τi
X
∂J
∂ f˜i
=
λi
dt ≡ 0,
∂αlr
∂αlr
i=1 τi−1

for l = 1, . . . , N , and r = 1, . . . , k.

(20)
∂Hi
∂L
∂ f˜i
= − (x, z) − λ(t)
(z, αi ),
∂z
∂z
∂z
when t ∈ (τi−1 , τi ),
h L(xf , z) + L ˜ ∂ψ i
fM ∂z
,
νM = −
ξ̃M
t=τM −
Lf˜M ∂∂z

λi+1 (τi +) fi (τi −) − fi+1 (τi +)
νi =
,
ξ̃i
Lf˜i ∂∂z
(τi −)
for i = 1, . . . , M − 1,

λ̇(t) = −

(21)

Relating this back to our original problem formulation,
f˜i
is
the partial derivative ∂∂z

∂ f˜i 
=

∂z

∂f
∂z
∂f
∂z

∂f
∂u

+

hP

N
j=1

i
 ∂µj
∂g 
gj ∂z + µj ∂zj
if p(i) = 1r
(22)
otherwise.

Boundary Conditions:

The partial derivative of f˜i with respect to the shaping
vector is
∂ f˜i
∂f ∂µl
=
gl
(23)
∂αlr
∂u ∂αlr

∂ψ
∂ ξ̃
(τM −) + νM (τM −),
∂z
∂z
∂ ξ̃i
λi (τi −) = λi+1 (τi +) + νi
(τi −),
∂z
for i = 1, . . . , M − 1,

λM (τM ) =

if p(i) = 1r, and 0 otherwise. Also, the partial derivative
of ξ̃ are
∂ξp(i)
∂ ξ̃i
=
,
∂z
∂z
∂ ξ̃i
∂ξ12
=
if p(i) = 1r, and
~
∂β
∂β
∂ ξ̃i
= 0 if p(i) 6= 1r.
~
∂β

(24)

Optimality Conditions:

(25)
∂J
=
~
∂β

(26)

∂J
=
∂αlr

Hence, the necessary conditions for can be further reduced to
∂J
=
~
∂β

X

∂ξ1r
(τi −) ≡ 0, and
∂β

νi

{i | p(i)=1r}

∂J
=
∂αlr

X

{i | p(i)=1r}

Z

τi

τi−1

λi

4

X

{i | p(i)=1r}

Z

τi

τi−1

λi

∂f ∂µl
gl dt ≡ 0,
∂u ∂αlr

Numerics

(28)
In the previous sections, we derived the necessary conditions for the extremum of the performance index J.
Particulary, the control parameters included the shaping
vectors αi parameterizing membership function µi and
the switching times τi , defined through the control vector β for parameterizing the interrupt ξi . In this section,
we present a numerical algorithm that utilizes these optimality conditions to converge to a stationary solution.
This algorithm employs a gradient descent method, in
which, the control parameters are updated in the negative gradient direction until a stationary solution has
been reached.

Theorem 1 Given a function x(t) ∈ Rn and a set of
continuously differentiable functions gi : Rn → Rm and
µi : Rn × Rk → R for i = 1, 2, . . . , N , with z(t) ∈ Rn
given by (4) and (2), an extremum to the cost function
J=

{i | p(i)=1r}

∂ξ1r
(τi −) ≡ 0, and
∂β

(27)

These results are summarized in a theorem below:

Z

νi

for l = 1, . . . , N , and r = 1, . . . , k.

∂f ∂µl
gl dt ≡ 0,
∂u ∂αlr

for l = 1, . . . , N , and r = 1, . . . , k.

X

T

L(x(t), z(t))dt + ψ(xf , z(T ))

0

5
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- Initialize with a guess of the control variables
(0)
α
~ i and ~τ (0) , and let p := 0.
- while p < 2 or |J (p) − J (p−1) | > ǫ
- Compute the approximation function z(t)
(p)
and cost J (p) forward in time from τ0 to τM .
- Compute the co-state λ(t) backward in time
(p)
from τM to τ0 .
- Compute the gradients ∇J(~τ (p) ), and
(p)
∇J(~
αi ).
- Update the control variables as follow :
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